Reflections on Factoring:

The Process of Factoring, Factored Form, and Prime Quadratics

Do all quadratics factor?

•
Can you factor any quadratic using the classroom factoring process?

•
Can you solve any quadratic equation? 

•
Can every quadratic be written in factored form?

•
What does it mean to say that a quadratic is prime?

Why is factoring important?

•
What is the value of the process of factoring?

•
What is the value of the factored form?

What should students learn about factoring?

Consider x2 – 5x + 2. This expression cannot be factored using the classroom factoring process (i.e., examine integer factors of the coefficients and think about how to combine using multiplication and addition so that x2 – 5x + 2 = (x – integer)(x – integer)). Despite not being factorable by the classroom factoring process, it is nevertheless still factorable. Just solve x2 – 5x + 2 = 0 using the quadratic formula, call the solutions a and b, then x2 – 5x + 2 can be factored as x2 – 5x + 2 = (x – a)(x – b).

Note: You can apply the Fundamental Theorem of Algebra and the Polynomial Factor Theorem to argue that, in theory, every polynomial with complex coefficients is factorable.

So if all quadratics are factorable, what does it mean to say that a quadratic is prime? Is x2 – 5x + 2 prime? Is it called prime in your algebra textbook? If so, the authors probably meant or said that it is prime over the integers (or over the field of rational numbers since the integers are a subset of the rationals and any factorization over the rationals can be transformed into an equivalent factorization over the integers). “Prime” is a relative term. The notion of prime is relative to the algebraic structure of the coefficients being used for the polynomials. x2 – 5x + 2 is prime over the field of rational numbers, but it is not prime over the field of real numbers.

Note: Prime is not the same, in general, as irreducible (i.e., not factorable), again depending on the algebraic structure in which you are working, although they are the same in the usual algebraic structures of high school algebra. (For example, see http://mathworld.wolfram.com/PrimeElement.html  and  http://mathworld.wolfram.com/IrreduciblePolynomial.html.

Inside all this technical discussion is a really important teaching point. Namely, it’s not so much the process of factoring that we want students to learn (although they should have basic proficiency with that), but rather it is the power of the factored form that we really want them to understand. This is because of the general point that different forms more easily give different information and are more useful in certain situations. For example, the factored form fundamentally changes the dominant operation in the polynomial from addition to multiplication; and the factored form clearly shows the solutions to the equation where the polynomial is set equal to zero and the x-intercepts when the polynomial is thought of as a function and graphed.

Finally, here's an interesting quote from a well-known mathematician in a classic book on Abstract Algebra:

“Very early in our mathematical education we are introduced to polynomials. For a seemingly endless amount of time we are drilled, to the point of utter boredom, in factoring them, multiplying them, dividing them, simplifying them. Facility in factoring a quadratic becomes confused with genuine mathematical talent.” (I. N. Herstein, Topics in Algebra, 1975, p. 153)
