Proper Medicine Dosage

A mathematical task in several parts

The Situation

A hospital patient is given an antibiotic to treat an infection. He is initially given a 30-mg dose and then receives another 10 mg at the end of every six-hour period thereafter. Through natural body metabolism, about 20% of the antibiotic is eliminated from his system every six hours.

Your Goals

· Construct a mathematical model for this situation, using tables, graphs, equations, and technology.
· Use your model to find the amount of antibiotic in the patient’s system after certain amounts of time. 
· Find the long-term amount of antibiotic and figure out what prescription will yield a desired long-term amount.

Numerical Analysis

1.
Find the amount of antibiotic in his system after the first six hours. Find the amount after the second six hours. Some assumptions are needed to find these estimates. What assumptions are needed to get the answers you have?

2.
Assume that you must find the amount of antibiotic in the patient’s system after each dose. Is this how you computed the estimates in Problem 1? If not, go back and re-compute using this assumption. Use this assumption for the rest of this task.

3.
If NOW represents the amount of antibiotic in his system now and NEXT represents the amount of antibiotic in his system after the next 6 hours, write an equation using the words NOW and NEXT that models this situation. Compare your equation with the equation written by at least two other groups. Resolve any differences.
4.
Use a graphing calculator or a spreadsheet to find the amount of antibiotic in his system after 48 hours.

5.
Often the medical goal is to establish a stable, specified amount of medicine in the body in the long term. For the situation in this task, find the amount of antibiotic in the patient’s system after two weeks. Is the amount increasing up to this point? Decreasing? Fluctuating?

6.
The amount after two weeks that you found in Problem 5 can be considered the long-term amount. Explain as best you can why the long-term amount came out to be what it is. Specifically, is there some way you could have predicted or computed the long-term amount without doing all the calculations for each time period?

7.
Suppose the doctor decides to modify the prescription so that the long-term amount of antibiotic in his system will be about 25 mg. How should the prescription be modified?

8.
Systematically change the three conditions in this situation – the initial dose, the regular dose, and the elimination rate. Experiment with different values for these three conditions. How is the long-term amount affected? Describe any patterns that you see. Explain the patterns as best you can.

So far you have primarily done a numerical analysis. That is, you have computed the amounts for a lot of time periods and then looked for and tried to explain patterns. It is also useful to do a graphical analysis using graphs, and a symbolic analysis using equations.

Partial Graphical and Symbolic Analyses

9.
Look back at the NOW-NEXT equation in Problem 3. Write an equivalent equation using subscript notation. Write a different equation using subscripts that is also equivalent. Write an equivalent equation using function notation. Equations like these, in which the next step of a process is described in terms of current or previous steps, are called recursive formulas. (They are also called recurrence relations or difference equations.)

10.
Draw a graph showing the amount of antibiotic in the patient’s system over time. Describe how the graph shows the long-term amount. 

11.
Find an explicit formula that represents this situation. Use the explicit formula to find the long-term amount of antibiotic in the patient’s system. Explain how the symbolic form of the equation reveals the long-term amount. 
(Hint: You might find an explicit formula by systematically writing expressions for the amounts after each time period, then look for a geometric series and sum the series.)
Summary Questions
a.  What is the long-term amount of medicine in the body (given the situation at the top of page 1)? Describe as many methods as you can to determine this long-term amount.

b.
Describe how changes in the initial dose, regular dose, and elimination rate affect the long-term amount. Explain.

c.
Represent this situation (top of page 1) with:

•  
recursive formulas (using words, subscripts, and function notation)

•
an explicit formula

•
a graph

•
a spreadsheet
	What is the mathematics in this task?
[possible responses below]

· shifted exponential functions
· asymptotes
· limits
· rate of change
· recursion
· mathematical modeling
· iterating linear functions (including attracting fixed points)
	Teaching Reflection 

What are features of this task that promote students’ deep learning?

[possible responses below]

· context

· multiple representations

· strategic use of technology

· reasoning

· questioning

· investigative approach

· sequence, structure, scaffold
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