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“Means & MADs” Lesson Plan
Instructor:  GWAEA Math Consultants
	Objective(s):


	· To understand the concept of a data set’s variation from the mean

· To develop a number (metric) for measuring variation from the mean 

	Grade Level:
	Grades 7-12

	Est. Time:
	45 minutes

	Pre-requisite

Knowledge:
	· Calculating the mean of a set of univariate data
· Histogram
· Line plot
· Dot plot

	Vocabulary:
	· Distribution
· Variation

· Deviation

· Distance

· Absolute

	Materials Needed:
	· Gridded chart paper
· Post-its

· A set of cards with Distributions 1-8
· Posters of the Distributions 1-8

	NCTM Content Standard

MS:

HS:
	Data Analysis and Probability
Select and use appropriate statistical methods to analyze data

Find, use and interpret measures of center and spread, including mean and interquartile range.

For univariate measurement data, be able to display the distribution, describe its shape, and select and calculate summary statistics.

	ICC

MS:

HS:
	7.SP.3  Informally assess the degree of visual overlap of two numerical data distributions with similar variability’s, measuring the difference between the centers by expressing it as a multiple of a measure of variability. For example, the mean height of players on the basketball team is 10 cm greater than the mean height of players on the soccer team, about twice the variability (mean absolute deviation) on either team; on a dot plot, the separation between the two distributions of heights is noticeable.
6.SP.3  Recognize that a measure of center for a numerical data set summarizes all of its values with a single number, while a measure of variation describes how its values vary with a single number.
6.SP.2  Understand that a set of data collected to answer a statistical question has a distribution which can be described by its center, spread, and overall shape.
6.SP.5  Summarize numerical data sets in relation to their context, such as by:
a. Reporting the number of observations.
b. Describing the nature of the attribute under investigation, including how it was measured and its units of measurement.
c. Giving quantitative measures of center (median and/or mean) and variability (interquartile range and/or mean absolute deviation), as well as describing any overall pattern and any striking deviations from the overall pattern with reference to the context in which the data were gathered.
Relating the choice of measures of center and variability to the shape of the data distribution and the context in which the data were gathered.

	NCTM Process Standard
	Problem Solving
	Reasoning & Proof
	Communication
	Connections
	Representations


Launch (10 min) 
In a survey, nine people were asked, “How many people are in your family?”  One result from the poll was that the average family size for the nine people was five.

In your group, determine some possibilities for the distribution of the nine different family sizes with the requirement that the mean family size be 5?  Display your distribution as a histogram, dot plot or line plot using the chart paper and post-its supplied by your teacher (For this problem, consider family sizes no smaller than 2 and no larger than 11.)

Note:  If some groups complete this task quickly, ask them to find another distribution.

Teacher Follow-Up to Whole Class

Questions:

· Which graph shows the least variation? Explain.

· Which graph shows the most variation? Explain.

· What about the other graphs?  How do they compare? Explain.

Explore (25 min) 

Given these 8 distributions with mean 5 (have these up on chart paper)
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Think-Pair-Share

· What are the limitations of only knowing the mean family size?

· What additional information about the data could be given to identify which of the distributions matched the results of the survey?

Teacher Follow-Up to Whole Class

A major goal of statistics is to offer ways to summarize and measure this “spread” (or variability).  
Questions:
· Of all these distributions, which distribution shows data values with the least variation?  Explain.
· Of all these distributions, which distribution shows data values with the most variation?  Explain.

Individually (1 minute)
· How would you order, from least variation to most variation, the 8 distributions?
Note:  The Teacher may want to have students write their individual orderings on paper prior to discussing with their group. 
Group (2 minutes)

· How would you order, from least variation to most variation, the 8 distributions?

Notes:  
· Groups are given a set of cards with all the distributions and are to come to a consensus on a single ordering.

· Time should be restricted so that the students can not use a metric (i.e. MAD or standard deviation) to do their ordering.

Share out by groups

Teacher Follow-Up to Whole Class

It is important here to show that there will be many orderings when the groups share out.

Because it can be difficult to come to a consensus on this single ordering, we need a number (i.e. metric) to quantify variation is a set of data.  In your group determine a method to do this…(consider as many ways as you can)
Share out by groups

Teacher Follow-Up to Whole Class
“Focus” discussion to MAD.  This may be done through an initial discussion of SAD.
Notes:
	MAD (Mean Absolute Deviation)

The sum of the distances of each piece of data from the mean divided by the number of pieces of data.
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Example:

If the data set is {4, 10, 13}, the mean is 9.  The distance from 4 to 9 is 5, the distance from 10 to 9 is 1, and the distance from 13 to 9 is 4.  These distances total 10.  10 divided by 3 is 
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  The MAD = 
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	SAD (Sum of the Absolute Deviations). 

The sum of the distances of each piece of data.
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Example:

If the data set is {4, 10, 13}, the mean is 9.  The distance from 4 to 9 is 5, the distance from 10 to 9 is 1, and the distance from 13 to 9 is 4.  These distances total 10.  The SAD = 10.




If the participants’ methods do not include SAD or MAD you may want to explicitly state…
One approach is to consider by how much the individual measurements differ from the mean.
Questions:

· What does the SAD indicate about the set data?

· What does the MAD indicate about the set of data?

Have each group calculate the MAD (mean absolute deviation) for one of the 8 distributions 

Note:  May not need to assign a group to Distribution 1 because there is no variation from the mean.

Order the distributions using the MAD and compare to your groups ordering (or class consensus ordering if possible)
	Distribution Number
	MAD

	1
	0.00

	2
	2.89

	3
	2.44

	4
	1.78

	5
	2.44

	6
	2.67

	7
	2.22

	8
	4.00


Teacher Follow-Up

Questions:  

· Does the MAD ordering give you the same ordering your group got?

· If yours was the same (or close), given a different set of distributions, do you think you would always be close?
· At what number of data points does is become difficult to order visually?

Key Ideas

	Key ideas/important points
	Teacher strategies/actions

	Measures of center are incomplete descriptions for a set of data.

Variation is another way to describe a set of data.

Variation in data can be quantified.
	This is addressed in “Question A” of the “Summarize and Clarify” section. 

Examine multiple distributions of the same size and same mean.

Calculate the SAD & MAD


Guiding Questions

	Good questions to ask
	Possible student responses or actions
	Possible teacher responses

	Which distributions appear to be more spread out?
Look at the distributions.  Can you describe the spread along the horizontal axis?

	I don’t know!  What does spread out mean?

	Look at where the data lie.  How close together are the data?  Do you “see” gaps in your graphs?  Are some of the data clustered?  What is the center of our spread?  To be spread out you must have a point of reference.
Pick two of the distributions (i.e. #4 & #6) and have the student compare them.



	How would you quantify (put a number to) what you have been describing?


	Are you talking about “distance”?

The distance multiplied by the number of values at that distance.
	“Distance” could be one way to do this.

Are you going to do this for the entire data set?  What will you do with these numbers?


Misconceptions, Errors, Trouble Spots

	Possible errors or trouble spots


	Teacher questions/actions to 
resolve them

	When students are first asked to order the distributions by variation they may not focus on the spread.

When students are first asked to order the distributions by variation they should do this visually.

When asked to generate a number (metric) for variation students may not have ideas where to start.
	Look at the number line.  How would you describe the way the data is placed from one graph to another?

Restrict the time so they can not compute a statistic (i.e. MAD or Standard Deviation)

Suggest they try how a data point “deviates” from the mean.  This may lead to a discussion of absolute deviation or distance.


Summarize and Clarify (10 min)
A.  
How can the MAD help you distinguish between Distribution 3 and Distribution 5?

	It can not.  The MAD is a “summary statistic” an average deviation from the mean and therefore describes many distributions (i.e. you lose the individuality of the data).


B.  
What does a MAD of 1.78 indicate about the set of data?

	For a given set of data, on average a family size is 1.78 away from the mean.


C. 
The mean and median are often referred to as “measures of center”.  The notion of center is that of some halfway point, the median is the value at the middle.  How is mean a center?

	Mean is sometimes referred to as the “balance-point” or “weighted middle” of a set of data.  The median is the “counted middle”!


Check for Understanding

At exactly the same instant, Mike and Chuck checked the time on the clocks and watches at their homes.  The times on Chuck’s ten clocks were 8:16, 8:10, 8:14, 8:16, 8:12, 8:15, 8:13, 8:17, 8:15, and 8:23.

a.
Find the MAD (mean absolute deviation) of Chuck’s clocks.

b.
Mike had the same mean on his ten clocks as Chuck did, but his MAD was 10 minutes.  Find an example of the ten times that could be the times on Mike’s clocks.

c.
What do the mean and the MAD tell you about how useful it is to look at a clock at Mike’s house and at Chuck’s house?

Accommodation(s)

· Students work in pairs or collaborative groups

· Post-it notes & gridded chart paper

· Set of cards with 8 distributions
· Posters of the 8 distributions
Extension(s)
· Given the Standard Deviation formula.  Compare it to the MAD formula.
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· Research the development of the Standard Deviation formula.  Explain.
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